Exercise: Bar Linkage Adder

By Mike Insler

I. What is a bar linkage?

A technical manual would define a bar linkage as “a system of rigid bars pivoted to each other and to a fixed base.” For our purposes, however, we can simply think of bar linkages as a number of straight bars (made of any material: cardboard, wood, etc.) that are connected to each other at points, which we will call pivot points. The placement of the pivot points determines the movement of the bars.

II. What are bar linkages useful for?

Bar linkages can perform a number of functions. Mathematicians and engineers can construct linkages that trace (approximately) any curve. However, if the curve is very complex, the corresponding bar linkage will be very complicated. Our study of linkages will focus on bar linkage calculators: linkages that are designed to perform various arithmetic and algebraic operations (addition, multiplication, trigonometric functions, etc.). This exercise will study the bar linkage adder, a simple and very accurate calculator, if constructed with care.

III. What are the disadvantages of bar linkage adders?

Since bar linkages are mechanical devices, their results are rarely exact. The amount of imprecision in linkages is called their structural error, which we will refer to as “error.” Technically speaking, the bar linkage adder you will construct should possess no error, but since our construction methods are fairly primitive, it is unlikely that the linkage will be perfectly precise. Also, although bar-linkages can function as calculators, they are not convenient for quick arithmetic – it is, of course, much simpler to add numbers with a hand calculator or even on paper.

IV. Construction of our bar linkage adder
Materials: 

Rigid cardboard (cut from a cardboard box), thumbtacks, scissors, ruler, pencil.

Procedure:

1. Cut three strips of cardboard, each with the same length, and each with approximately the same width. The strips should be about 8 inches long and half an inch wide. Label these strips S1, S2, and S3.

2. Draw lines using the straight-edge of your ruler lengthwise down the center (this can be approximate) of each strip as shown below:



3. The next 2 strips must satisfy the following conditions: one may have a length of your choosing, but the other must be twice that length. For instance, the lengths of the strips could be B1 = 1.5, B2 = 3. It is recommended that you don’t use numbers that are very different from these; otherwise, construction could become very difficult. Remember, these numbers are all in units of inches. Be sure to label your strips B1 and B2 once you have cut them (double check that B1 is half the length of B2). Also, draw center-lines on them, as you did in step #2.

4. The final strip must satisfy the following condition: it must be divided into thirds (mark each third with a pencil – do not cut the segments). It is recommended that you make each third 2 inches long. Thus the total length of this strip should be 6 inches. Label one third A1 (A1 cannot be the third in the center) and then group the remaining two thirds by labeling them A2. As before, draw the center-line on the strip. This is shown below:
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** Notice that A1 is half the length of A2, just as B1 was half the length of B2, or:

A1  =
B1
B1
B2
5. Now complete your linkage by placing the pivot points, for which you should use thumbtacks. Consider the following diagram:
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Before you begin placing thumbtacks, be sure that the distance between bars S3 and S2 is twice the distance between S1 and S2. This is very important! After setting up the bars, make sure that the S-bars do not move – line up the A and B-bars so that they fit as the diagram shows, but do not move the S’s! Place pins where the arrows point in the diagram above. Try to place them close to the ends of the strips (for accuracy), and be sure to put the pins on the center-lines of each strip. Your bar linkage adder is now complete.

Method of Operation:

Place your new bar linkage calculator on a flat surface. You may now move the S-bars freely. Line them up in any manner that you wish. The following diagram shows one possibility:
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Now, you should choose a zero line: a region which we will consider zero. This is marked in the above diagram. It is crucial that the linkage and the zero line do not move as you take the following measurements. Measure X1, X2 and X3 as shown in the above diagram. Take these measurements from the zero line to each pivot point that is marked by an arrow in the diagram.

Now, recall the lengths you chose for A1 and A2 (the suggested values were 2 inches and 4 inches). With your newly acquired X values, we have the following mathematical relationship:

(A1 + A2)X3 = A1X1 + A2X2

You may check your linkage’s accuracy by leaving X3 as an unknown variable in this equation, and then using your measured values for A1, A2, X1 and X2. Solve the equation for X3, and compare this value to your measured distance for X3. They should be nearly equal. How precise is your linkage?

V. Questions to contemplate:

Is this simply addition? Are we merely adding two numbers and receiving a result? Why not? What effects do the parameters A1 and A2 have?

Why does this linkage have structural error, even though laws of mathematics say that it should not?

How could this device (or a linkage designed in a similar manner) be used to compute the sum of any two numbers between 0 and infinity?

What effect does the scale we chose have on our calculator? Why are we using inches instead of feet? Instead of miles?

Would our results change if the ratios of A1 to A2, B1 to B2, and S1 to S2 were one-to-three? One-to-four? Two-to-one? Remember that the ratio we used to construct our linkage was one-to-two. [Hint: try to find a relationship between the pivot points from which you measured X1, X2 and X3 that holds for any setup of the bars].
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